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EINSTEIN CONSTRAINT EQUATIONS 
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Abstract. We construct solutions with prescribed asymptotics to 
the Einstein constraint equations using a cut-off technique. More- 
over, we give various examples of vacuum asymptotically flat man- 
ifolds whose center of mass and angular momentum are ill-defined. 



1. Introduction 

Let M be a three-dimensional manifold. Let ghe a. Riemannian met- 
ric and i^' be a symmetric (0, 2)-tensor on M. The Einstein constraint 
equations are 

Rg-\K\l + {trgKf = 2fi, 

diVg{K - {tTgK)g) = J, 

where /i and J are energy density and momentum density respectively. 
The triple (M, g, K) is called an initial data set if it satisfies the above 
constraint equations. It is called a vacuum initial data set if addition- 
ally /i = and J = 0. In general relativity, the constraint equations 
are derived from the Gauss and Codazzi equations for the hypersur- 
face M in spacetime satisfying the Einstein equation, and g and K are 
respectively the induced metric and the induced second fundamental 
form of M (see, for example [8J). 

An initial data set (M , g, K) is called asymptotically flat at the decay 
rate q if, outside a compact set, M is diffeomorphic to \ Bi and if 
there exists an asymptotically flat chart {x} so that, for some g > 1/2, 

g,j{x) = 6,, + 02(r-«), K,,{x) = 0^{r-'-'>) 



and 



where r = x\ and the subscript in the big O notation 

indicates the corresponding decay rate on successive derivatives, e.g. 
/ = Oi(r~'') means that there is a constant C uniformly in r so that 
I/I < Cr-'i and \dj\ < Cr~^~'i. 
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We introduce the momentum tensor it = K — {tTgK)g, and define 
the constraint map 

<l>(^, TT) = (^Rg - \n\l + ^{tlgTlf, diVgTl^ . 

Then the Einstein constraint equations take the form $((7, vr) = {2fi, J). 

In the asymptotically flat chart, the following physical quantities are 
defined as limits of surface integrals over Euclidean spheres with the 
standard surface measure on {r = p}: 

E= lim / y(gi.j,~giii)^dS, (1.1) 

Pi = — \imf Y^ii — dS, (1.2) 



^ 3 



(1.3) 

J, = ^ lim / ^vr,,F^^d5, (1.4) 

where Y(j) are the rotation vector fields, e.g. Y'(i) = X3d2 — X2d^. These 
integrals correspond to the energy E, linear momentum P, center of 
mass C, and angular momentum J. 

It is well-known that the energy and linear momentum of an asymp- 
totically fiat manifold are well-defined [HIS]. However, center of mass 
and angular momentum are the terms in the expansion of the solution 
((7, tt) which are of lower order than those which determine the energy 
and linear momentum, and they may not be well-defined unless some 
extra condition (for example, the RT condition below) is imposed. 

Definition 1.1. {M,g,K) is asymptotically flat satisfying the Regge- 
Teitelboim condition (the RT condition) if {M,g,K) is asymptotically 
flat, and g,K satisfy these asymptotically even/odd conditions: 

and 

where f°'^{x) = f{x) — f{—x) and f'^'"^^{x) = f{x) + /(— x) are respec- 
tively the even and odd parts of f with respect to the fixed asymptotically 
flat chart {x}. 
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Assuming E ^ 0, the center of mass and angular momentum are well- 
defined for asymptotically flat manifolds with the RT condition [21I51E]- 
Moreover, all known exact solutions to the constraint equations satisfy 
the RT condition. In particular, the families of Schwarzschild and Kerr 
solutions which are exact solutions to the vacuum constraint equations 
satisfy the RT condition. It was not clear whether the vacuum asymp- 
totically flat manifolds without the RT condition do exist, because one 
may tend to think the asymptotics of the solutions to the vacuum 
constraint equations are rigid. We show that the asymptotics are not 
rigid. Indeed, we can construct solutions with prescribed asymptotics, 
in particular without the RT condition. 

Using a cut-off technique of Corvino and Schoen [1], we have the fol- 
lowing theorem. Assume that a, r are symmetric (0, 2)-tensors defined 
outside a compact set in M^. Assume that crij,Tij are components of 
0", r with respect to the standard Euclidean coordinate chart {x}. 

Theorem 1. Assume that a and t satisfy the linearized constraint 
equations outside a compact set in M^, i.e. 

- o^iMi) = 0, (1-5) 
5^r,,,i = 0, for J = 1,2,3. (1.6) 

i 

Furthermore, assume that cry(x) = 02{r~'^),Tij{x) = Oi{r~^~'^) for 
q e (1/2,1). Then given any asymptotically fiat initial data set {g,TT) 
at the decay rate greater than or equal to q and ^{g, vr) = (2/i, J), there 
exists an asymptotically fiat initial data set {g,7f) with ^{g,W) = (2/i, J) 
so that, for some constants A and B.i, i = 1, 2, 3, 

= fl + 41 + + 02(r-^-«), (1.7) 

+ 0i(r-2-''), (1.8) 

and {g, it) and {'g,Tf) are close (in the sense of weighted Sobolev spaces). 

In order to construct solutions of special asymptotics, one has to 
find explicit a and r satisfying (11. 5p and (11. 6p . In section El we give 
examples of a and r. Therefore, we can construct families of asymp- 
totically fiat manifolds without the RT condition and show that their 
enter of mass and angular momentum (II. 3p and (ll.4p are ill-defined 
(Corollaries 13. 4[ 13. 7[ and 13. 8p . It is desirable to weaken the RT con- 
dition in order to define center of mass and angular momentum. The 
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examples in section [3] may help us to understand these physical quan- 
tities. Another application of the above theorem when a and r are 
chosen compactly supported in the annular shell is in the forthcoming 
paper of Rick Schoen, Mu-Tao Wang, and the author [6]. 

Acknowledgments. I would like to thank Rick Schoen and Mu-Tao 
Wang for helpful discussions. 

2. Constructing Solutions of Prescribed Asymptotics 

To prove Theorem [H we introduce the weighted Sobolev spaces. 

Definition 2.1 (Weighted Sobolev Spaces). For an integer k > 0, a 
real number p >0, and a real number q, we say f G W^f if 



ty^'f = 1 / 2^ J I?' ' ^ ^rfvolg I < OO, 



where a is a multi-index and is a continuous function with = |x| 
when the asymptotically flat chart is defined. When p = oo, 



= esssup|D"/|el"l+^. 



|Q!|<fc 

Then we can weaken the definition of asymptotically flat manifolds 
and define (5^,71) to be asymptotically flat at the decay rate q if 

and $((7, tt) = (2/i, J) with 

(/., J) e W'jl,^ X w'_t,^. 

In the proof, we assume that p > 3/2 and q G (1/2, 1). The following 
proof is similar to the argument by Corvino and Schoen ^ Theorem 1]. 
The difference is that they consider the case where a = and r = 0, 
and they work on vacuum initial data sets, i.e. /i = and J = 0. 
In our case, we allow more general a and r, as long as they satisfy 
the linearized constraint equations. Their argument can apply to our 
setting, except that linearized equations are slightly different due to 
the presence of a, r, /i and J. 

Proof of TheoremUl Let {(pk} be a sequence of smooth cut-off functions: 

1 in Bk, 

^fc(a^) = { between and 1 in i?2fe \ Bk, 
outside i?2fc- 
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Also {4>k} is chosen so that 0fc(x) = 0fc(r) and \d(f)k\ < C/k and 
|^^0fc| < C/k"^ for some constant C independent of k. 

Let {g, it) be a given asymptotically flat manifold at the decay rate 
q. Using the cut-off technique, we consider 

gk = (pk9 + {l-<Pk){S + (T), (2.1) 

TTfe = 4>kT!- + (1 - (pk)r. (2.2) 

For the moment, we work on a fixed k and suppress the subscript k 
when it is clear from context. 

By (11.51) . (II. 6p . and the properties of (pk, 

$(^,7r) = (2/i, J), 

where (/t, J) = (/x, J) in Bk and (/i, J) = (0(r"2-2g)^ (^(^-2-29)) outside 
i?2fc because of (11.51) and (11.61) . 

In order to fully solve the constraint equations with the given /x and 
J, we consider a function u and a vector field X so that 

9 = u^g, (2.3) 
7f =M2(7r + £gX), (2.4) 

where CgX denotes the modified Lie derivative CgX = LgX — {diVgX)g 
for a Riemannian metric g. 

Claim: There exists {uk,Xk) with {uk — l,-'^^) € W'^f x Wlg, and 
(/ifc, Wk) G ly^'^ X PV"lf„g with the compact supports such that 

<^{gk + hk,Wk + Wk) = {2fi,J) (2.5) 

for k large. 

Proof of the claim. To see the argument works for general n and J, we 
only highlight the different part of the argument from [1] . 
Let Tfc : (1 + Wl'^) x Wl'^ x be defined by 

Tk{u, X) = $(«%, U^iTTk + Cg,X)) 

be a sequence of operators. The linearization D{Tk){ifi) is a Fredholm 
operator with index for k large. Using the surjectivity of 
one can define 

Tk {{u, X), {h, w)) = $ {u'^gk + h, u^TTk + Cg,X) + w) 

where {h,w) is chosen so that D^^^^.^^){h,w) is in the cokernel of 
D{Tk){ifl). Therefore, D(Tk){{ifi),{o,o)) is an isomorphism for each large 
k by construction. Then by applying the inverse function theorem, Tk 
is a diffeomorphism from a neighborhood of ((1, 0), (0, 0)) to a fixed (in- 
dependent of k) neighborhood of Tfc((l,0), (0,0)) when k large. Then 
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the image contains (2/i, J) when k large, and hence, we can find the 
sequence of initial data sets so that fl2.5p holds. □ 

It remains to check that {'g, vf) has the desired asymptotics (11.71) and 
(11.81) . Fix k. Outside a large compact set, if we denote g = 6 + a and 
C = Cg, we have, by (Q, (O, and dH, 

9 = u^g, 

tt = u\t + CX). 

Because {g, W) satisfies the constraint equations, we can derive the dif- 
ferential equation for u: 



- 8AgU + 



R,-\r\i 



u 



+ u 



iTg{T)iTg{CX) + -{iTg{CX)f 



— u 



2m>, 



Y,9''t''2nk{CX)^i + \CX\l 

_i,j,k,l 

and the differential equations for Xf. 

diVgW = u'^g^^ [u^{t + CX)ij,k + 2MM,fc(r + CX)ij\ 

= u'^diYgT + M~MiVg(£X) + 2u~^u^kg^^{r + CX)ij 
= J. 

Then, for r large, u and {Xi}^^^ satisfy the differential equations of 
the Euclidean Laplacian A: 

Am = 0(r-2-29)^ and AXi = Oir-^-^"). 
Therefore, u and Xi are harmonic up to lower terms; that is. 



u 



r 



for some constants A and {Bi}^^-^. Then (11.71) and (II. 8p follow. 
3. Solutions of Special Asymptotics 



□ 



In order to construct solutions of explicit asymptotics, the key is to 
solve a and r in (II. 5p and (11.60 . In this section, we show some special 
examples of a and r and use Theorem [1] to construct asymptotically 
flat initial data sets which violate the RT condition. In subsection 13. H 
we discuss a family of solutions at decay rate exactly equal to one. In 
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subsection 13.21 we discuss another family of solutions whose decay rate 
is less than 1. Moreover, we show that the center of mass and angular 
momentum of these examples are ill-defined. 



3.1. Solutions at the decay rate equal to 1. Let a and r be 



= (3-2) 

where a and /3 are arbitrary functions defined over the unit sphere 
S'^. Because a and (3 are independent of r, by direct computations, we 
have the following lemma: 

Lemma 3.1. For any a,P E (7^(5"^), cr and t satisfy the linearized 
constraint equations l \1.5h and (11.61) . 

Proposition 3.2. For any a, f3 E (7^(5*^), there exists a vacuum initial 
data set (^, vf) with the following asymptotics: 

9, = (1 + 7) + 7 - l^^i) + 0.{r-^-% (3.3) 



_ (3 XiXj ^ 1 



+ 0i(r-2-«), 

(3.4) 



Proof. The proposition follows by choosing {g, vr) = {6, 0) and (cr, r) as 
(lO) and in Theorem [TJ □ 

Remark. Asymptotically flat manifolds of the above asymptotics have 
been discovered by Beig and O Murchadha [2] . They showed that {'g, vf) 
satisfies the vacuum constraint equations up to leading order terms by 
direct computations. Here, we provide a more rigorous treatment and 
prove that {g, W) indeed satisfies the vacuum constraint equations. 

Examples of divergent angular momentum. We can construct the asymp- 
totically flat manifolds whose angular momentum with respect to a 
rotation vector field Y diverges. 

Let (^, vf ) be an asymptotically flat manifold of the asymptotics (13. 3 p 
and flXIjl . Fix po and let Ap = {x E : po < \x\ < p}. 
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Lemma 3.3. For any a, (3 G C'^{S^), 

+ / ( - ^ 5^ B,yA dx + 0(1), (3.5) 

"^^P \ i,p V ) 

where and in the following 0(1) denotes the term bounded uniformly 
in p. 

Remark. If a is even, i.e. a{x) = a{—x), then only the first integral on 
the right hand side contributes, and other integrals vanish. In particu- 
lar, if a is a constant, then the angular momentum is finite no matter 
what choices of (5 are made. 

Proof. We compute the angular momentum 03.51) over the annulus. 
Notice that because Ij = 5 + 0(r~^), 

/ y^TiijY'—dS= [ V7fijFV^c/S'^ + 0(l). 



That is, without the RT condition, the integral computed with respect 
to the flat metric and the one with respect to the physical metric g 
differ by a finite constant. Then by the divergence theorem, 

/ Y,^,,Y'v^dS^= [ Y,9''^k^Y.^ dYolg 

JdAp JAp .^j. 

= / $^^^'vffc.F}rfvoV+ / 5^^^%fe,y^r;.pdvoV (3.6) 

i,j,fc ^P i,j,k,p 

In the first equality, we use the constraint equation divg-vf = 0. Then 
because Y is Killing (with respect to the Euclidean metric), 

i,j,k 

By (11. 7p . (11. Sp . the above identity, and that Y is Killing, we have 

i.j.k i,i,k 

1 (3.7) 

+ -Y1 ^Jn{BnX^ + B,Xn)Y^, + 0(r-3"'?). 
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Then by (13. ip and (13. 2p . the first hne vanishes: 

\^ Vi f _ 1a ^ _ XjXj i 

-^Vx^-^^^VxfA -0 

where we use that F is a rotation vector field and hence = 0- 

The second line in (13.71) is 

a 



Because 'g = 5 + (r~^), the second integral in (13. 6 p is 

JA„ ■ ■ ^ J An ■ • ,„ 



i,j,P f i,j,P 



9 /. T-S 



Then the lemma follows by substituting a and r by (13. ID and (13.20 . □ 
Corollary 3.4. // we choose 

a = (5 = ^ ^ , and Y = x^di — xids, 

then a, /3 G C°°{S'^) in spherical coordinates, and /3 violates the RT 
condition. Moreover, the integral of the angular momentum with respect 
to Y diverges. 

Proof. By Lemma 13.31 and the straightforward computations, 
I [ ^ a.pB If xjxj 

- > -^Y^ dx = - — dx ^ oo as p oo. 

•J Ap p -J J\p 

The other terms in (13. 5p vanish because a is an even function and Y 
is odd. □ 

Remark. The result can he thought as gravity analogue of the addition 
to a Newtonian system of the mass distributed from a finite radius to 
infinity whose motion imposes infinite amount of angular momentum 
about the rotation axis. 
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Examples of divergent center of mass. We construct an explicit example 
of an asymptotically flat manifold whose center of mass diverges. 

Lemma 3.5. For any asymptotically flat Riemannian metric g = 6 + 
02{r~^), the scalar curvature has the asymptotics: 

^ai^) = "^idijAj - 9ii,jj) + Eg + 0{r'^), when r large, (3.8) 

id 

where 

Eg = — — ^ii){'^gij,ij — Qiijj — gjj,ii) 

\^ f 3 2 1 1 \ 

+ 2^ I -9ji,j9ii,i + 9ji,j9n,i + -79ij,i - -79jj,i9ii,i - ^^ij^Wud ) ■ 

Proof. For any Riemannian metric g, over a coordinate chart, we have 
= 9'''9''9iya,yaA ' "^a^aA^ d^) 

We choose the asymptotically flat coordinates. Using the property that 
9ij ~ ^ij + C)2{r~^) and by direct computations, we have the following 
asymptotics: 

9 (^ik,j ~ ^'jk,i) 

= ^9'''[ [9^\9ii,k + 9ki,i - 9ik,i)\ J - [9^\9ji,k + 9ki,j - 9jk,i)\ ^} 
= X] [ - 9ji,j9ii,i + ^9jij9ii,i + 29'ji,i\ 

+ ^(fl'ij.jj ~ 9n,jj) — {9ik — ^ik){'^9ij,kj " 9ik,jj " 9jj,ki) + 0{r ^), 

where in the second equality, we use g-'j = —gjij + 0(r~^). By the 
straight forward computations and the definition of the Christoffel sym- 
bols, 

y [V-*- ik-'- jm jk'- imj \ 



^ [I 1 1 1 2 ^ ^ 

/ . I 2^3id9ii,i - -^9jj,i9ii,i - 29ij,i9ii,j + -^9ij,i ) + ^ 



Combining above identities, we derive (13. 8p . □ 

Let {g, 7f ) be an asymptotically flat manifold of the asymptotics (I1.7P 
and (II. Sp . If we let {g, it) = {6, 0) and r = 0, from the proof of Theorem 
[H we have vf = and hence g satisfies the constraint equation Rg = 0. 
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Proposition 3.6. Let g satisfy fl3.3p with Rg = 0. Its center of mass is 
equal to, for I = 1,2, 3, 



C, 



1 



lim 



-Xi 



3 Aa a 

27r + ^".ij 



33^2 ^ 3 |Va| 



dx + 0{l). 
(3.9) 



Proof. Let Ap = {x & M.^ : po < \x\ < p} for some fixed po- Then by 
the divergence theorem 



/ }. [9ij,t - 9ii,j 2^ [9 a 9ii — 



dS 



Using the identity (13. 8p . 



J2'<9^j,ij - 9n,jj) = x'Rg - x'Eg + 0( 



The first term of the scalar curvature vanishes, and the third term is 
integrable over Ap. It remains to compute x^Ejdx. By Lemma [33| 

(11.71) and direct computations, up to terms of order 0(r~^~''), 
7-1 ^ \ \ — ^ 3yl.x X ^ — > p 



3 A 



i,l 

Ax' 



i,l,3 



1 



1 



We then substitute a by (13. ip . By the straightforward computations, 
3^2 3Aa a 33^2 3 |y^|2 

Therefor, (13. 9p follows directly. □ 
Corollary 3.7. If we choose 



a 



Xi 



then the first component of the center of mass Ci is infinity. 
Proof. It is easy to check that the term Aa/r'^ in (13. 9 p diverges. 



□ 
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Remark. This result can be thought as the gravity analogue that adding 
the rest mass to Newtonian system, and the rest mass is unevenly dis- 
tributed from a finite radius to spatial infinity. It produces an infinite 
change in the center of mass of the new system. 

3.2. Solutions at the decay rate less than 1. We consider another 
family of r satisfying (II. 6p . Let u be any function on M^. Let 

Tij = (|Vm|^ + uAu)5ij — {uiUj + uuij). 

By direct computations, 

^rij-j = for j = 1,2, 3. 

i 

We can choose, for example, u = logr. Then 

r., = i5., + ^(21ogr-l). (3.10) 

Notice that Tij ^ Oi(r^^) because the logarithmic term. More gener- 
ally, if we let u = r^^"^)/^ for g < 1, r = Oi(r"^"'^). 

Choosing this particular r from (13.101) . we have another example of a 
vacuum asymptotically flat manifold whose angular momentum is not 
defined. 

Corollary 3.8. Let (^, 7f) satisfy (I1.7P and (II. 8p where a and t have 
the expression (13. ip and (I3.10p . Then if 

a = tan — , 
\xj 

the angular momentum with respect to Y = —X2di + Xid2 diverges. 
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